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Abstract An integral representation for an arbitrary bounded operator T defined on
a Hilbert space H is given. The representing measure is in general defined on a Jordan
curve surrounding the spectrum of T . It is obtained as a limit, in a certain weak sense,
of a family (Fr ) of absolutely continuous measures the Radon–Nikodym derivative
of which (with respect to the standard Lebesgue measure on the considered Jordan
curve) are described explicitly in terms of the operator T and its adjoint T ∗.
Keywords Operator-valued measures and integration · Integral representation ·
Functional calculus · Spectral measure
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1 Introduction
In this paper we give integral representations for bounded operators defined on Hilbert
spaces. Specifically, for an arbitrary bounded operator T on a Hilbert space H, we
propose a construction of an operator-valued measure F representing T . The measure
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F is defined on the σ -field of Borel sets in the boundary of a Jordan domain containing
the spectrum of the operator T .
The problems concerning spectral representations of general non-selfadjoint oper-
ators were always taken into consideration by many authors, and to this point there is
a vast number of publications in this area. We refer to the volumes [3,4], especially
[5,15] for a comprehensive representation of the theory and discussions on perspec-
tives for applications. An important approach to develop an adequate spectral analysis
for non-normal operators is based on the dilation theory of constructions initiated by
Sz-Nagy and letter developed in collaboration with Foias¸ (see [14] and the literature
cited there). Another aspect of the theory is outlined by the methods used in [6,7].
In particular, in [6,7] integral representations for bounded operators are obtained via
the concept of spectral sets introduced by von Neumann [16]. Note also the authors’s
work [1] for some related results for operators considered on Banach spaces.
In this paper we proceed from a family of operator-valued measures (Fr ) (0 < r < 1)
defined on the Borel sets of the unit circle of the complex plane by means of an opera-
tor-valued function (a kind of Poisson kernel) (z; T ) (cf. (2.1)). The desired measure
F representing the operator T is obtained as a weak (in fact in a weak∗-topology) limit
of Fr . The representing measure F determines a functional calculus, consistent with
the one developed by Sz-Nagy and Foias¸ [14] and also by Schreiber [12]. It should
be mentioned that the resulting functional calculus in general is not multiplicative,
but from the proposed construction it is easy to describe restrictions on functions in
order to preserve the multiplicative property as well. In particular, as a consequence,
it follows that the measure F represents a spectral measure if and only if the operator
T is unitary on H.
The paper is organized as follows. In Sect. 2 we give spectral representation for
linear contractions on Hilbert spaces. The general case of a Jordan curve is considered
in Sect. 3.
2 Representing Measures
Let H be a complex Hilbert space. The inner product and the norm are denoted by
〈·, ·〉 and ‖ · ‖, respectively. We denote by B(H) the set of all bounded linear operators
on H. Consider an operator T ∈ B(H) and define for all complex numbers z such that
‖zT ‖ < 1 the following operator-valued function




where z¯ is the complex conjugate of z, T ∗ denotes the adjoint of T , and with the
agreement that (z¯T )0 = I and (z¯T )n = ((z¯T )∗)−n for n = −1,−2, . . ..
The operator-valued function (z; T ) can be also represented as follows
(z; T ) = (I − z¯T )−1 + zT ∗(I − zT ∗)−1
= (I − zT ∗)−1[I − zT ∗ + zT ∗(I − z¯T )] (I − z¯T )−1
= (I − zT ∗)−1 (I − |z|2T ∗T ) (I − z¯T )−1,
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i.e.
(z; T ) = (I − zT ∗)−1 (I − |z|2T ∗T ) (I − z¯T )−1, ‖zT ‖ < 1. (2.2)
We see that, for a fixed z such that ‖zT ‖ < 1, (z; T ) is a positive operator (bounded)
on H in the sense of quadratic forms, i.e.










where r is any positive real number such that ‖rT ‖ < 1; Tr denotes the circle |z| = r
oriented in the positive sense.
Next, we suppose that T is a contraction on H, with hence ‖T ‖ ≤ 1 (as will be




(r z; T )dτ (2.3)
for r < 1 and for any Borel set δ in the unit circle T (we write simply T instead of
T1); τ denotes the normalized standard Lebesgue measure on T.
For a fixed r, 0 < r < 1, the B(H)-valued set function Fr , defined on the σ -field
of Borel sets in T, is strongly countable additive. The properties 10 and 20 provide
Fr to be a semi-spectral measure (for the concept of a semi-spectral measure see, for
instance [10]). Obviously, Fr is bounded in the sense that the norms of the operators
in its range are bounded.
Having the measures Fr (0 < r < 1) we can integrate scalar measurable functions
on T. It can be started with simple functions, and then going over to the general case
of bounded functions from L∞(T, τ ). For a function f ∈ L∞(T, τ ) we write
fr (T ) =
∫
T
f (z)d Fr , (2.4)
or, which is one and the same, since d Fr = r (z; T )dτ (cf. (2.3))
fr (T ) =
∫
T
f (z)(r z; T )dτ. (2.5)
In particular, for complex-valued functions f with absolutely convergent Fourier
series (the Wiener class W ), that is for functions f which can be represented in the
form










the integration over T with respect to Fr has sense and, as is easy to calculate,




|n|T n (0 < r < 1). (2.6)
We point out that the map f → fr (T ) of L∞(T, τ ) into B(H) given by (2.5) is a
linear operator (it will be shown below that it is bounded). In general it is not multi-
plicative (cf. (2.8), below), but, since the operator-valued measure Fr is positive, the
involution is preserved, namely there holds
fr (T )∗ =
∫
T
f (z)(r z; T )dτ, (2.7)
for each f ∈ L∞(T, τ ) and 0 < r < 1.
Concerning multiplicativity, the following formula is clear by property 20 and
relation (2.5)
fr (T )gr (T ) =
∫
T




( f (z)I − fr (T ))(r z; T )(g(z)I − gr (T ))dτ (2.8)
for every f, g ∈ L∞(T, τ ) and 0 < r < 1.
Taking g = f¯ in (2.8) we obtain
fr (T ) fr (T )∗ ≤
∫
T
| f (z)|2(r z; T )dτ. (2.9)
Therefore
‖ fr (T )x‖2 ≤
∫
T
| f (z)|2〈(r z; T )x, x〉dτ
≤ ‖ f ‖2∞
∫
T
〈(r z; T )x, x〉dτ = ‖ f ‖2∞ ‖x‖2,
i.e.
‖ fr (T )x‖ ≤ ‖ f ‖2∞ ‖x‖, 0 < r < 1,
for each f ∈ L∞(T, τ ) and x ∈ H.
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Thus
‖ fr (T )‖ ≤ ‖ f ‖2∞, f ∈ L∞(T, τ ), (2.10)
that means, in particular, that the map f → fr (T ) defines a bounded operator from
L∞(T, τ ) into B(H).





k, z ∈ T,
with coefficients ck ∈ C (k = 0,±1, . . . ,±m). Pick p ∈ P and observe that pr (T )
which can be represented as (cf. (2.6))










as r → 1.
Therefore, it can be defined an operator K : P → B(H) by




p(z)(r z; T )dτ, p ∈ P. (2.11)
Obviously, the operator K is linear. It is also bounded because of (2.10). Hence, since
P is a dense set in C(T), the operator K can be extended by continuity to C(T). For the
obtained extension we preserve the same notation K. Due to the Riesz Representation
Theorem for operators defined on the spaces of continuous functions (see [2, Theorem
VI. 2.1, pag. 152]) there exists a uniquely determined operator-valued measure F
defined on the Borel sets in T such that the associated scalar measures μFx,y of F ,
i.e. the complex-valued measures defined by μFx,y(δ) = 〈F(δ)x, y〉 for any Borel set





f d F, f ∈ C(T). (2.12)
Moreover,
‖F‖ = ‖K‖. (2.13)
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We define the norm ‖F‖ as the supremum of the quantities ‖∑n1 λk F(δk)‖, where
δk (k = 1, . . . , n) is a finite sequence of mutually disjoint Borel sets in T and λk being
complex numbers with |λk | ≤ 1 (k = 1, . . . , n). In view of (2.13) the operator-valued
measure F is bounded in T (cf. [2, Proposition I. 1.1., pag. 4]).
In addition, we point out that the operator-valued measure F is positive, i.e.
μFx,x (δ) = 〈F(δ)x, x〉 ≥ 0
for any Borel set δ in T and x ∈ H. This fact follows easily from the integral repre-
sentation (2.12) by using relation (2.13) and K1 = I.
The following summarizes the above discussion.
Theorem 2.1 Let T be a contraction on a Hilbert space H and let (z; T ) be the
operator-valued function defined by (2.1). Then
(i) The operator-valued function (z; T ) determines uniquely a B(H)-valued
measure F defined on the Borel sets in T such that
∫
T




p(z)(r z; T )dτ (2.14)
for all trigonometric polynomials p ∈ P;
(ii) The operator-valued measure F is bounded, positive and regular on T;










znd F, n = 0,±1, . . . , (2.16)
where (by above agreement) T n = (T ∗)−n for n = −1,−2, . . . .
Remark 2.2 Theorem 2.1 can be reformulated for an arbitrary bounded operator T on
H in an obvious way considering Tr with r = ‖T ‖ instead of T.
According to the assertion (i) in Theorem 2.1 the measures Fr converge to F
in a weak sense. Fr (δ) for fixed δ (but arbitrary) does not in general converge to
F(δ) in one operator topology or another. This can be explained as follows. Each
of Fr is absolutely continuous with respect to the Lebesque measure τ and if, for
instance, Fr (or a sequence (Frn )) converges weakly on Borel sets δ to F(δ), then due
to of Vitali–Hahn–Saks–Nikodym Theorem (see for instance, [2, Theorem I.4.8 and
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Corollary I.5.6, pag. 23–24]) F must be also absolutely continuous with respect to
τ. But the latter is not true if T is, respectively, not an absolutely continuous opera-
tor. Concerning the concept of absolute continuity of contractions we cite the works
[12,13] (see also the references cited there).
In case that the spectral radius r(T ) of T is strongly less than the norm of T the
following is true however.
Theorem 2.3 Let T be a contraction on H supposing that r(T ) < 1. Then the





for each Borel set in T and, therefore, it is absolutely continuous with respect to τ.
Proof It is clear that T is contained in the resolvent set of the operator T and (r z; T )
converges in the norm topology of B(H) to (z; T ) as r → 1 − 0. unionsq
Remark 2.4 The operator-valued function (z; T ), z ∈ T, in (2.17) can be repre-
sented in the form
(z; T ) = (DT R(z; T ))∗DT R(z; T ), z ∈ T,
where (z; T ) = (z I − T )−1 denotes the resolvent and DT the defect operator
DT = (I − T ∗T )1/2 of the operator T .
The result given by Theorem 2.3 is closely connected to results of Lebow [8] and
Mlak [9] where conditions under which a contraction has spectral radius less than one
were given. In particular, in [9] was shown that if for every x, y ∈ H the function ux,y
given by
ux,y(z) = 〈(I − zT )−1x, y〉, |z| < 1
belongs to the Hardy class H1, then r(T ) < 1.
The representing measure F defined by (2.14) determines a functional calculus
for T . Namely, in connection with (2.16) the operators obtained by integration of
F-bounded measurable functions on T with respect to the measure F can be naturally
interpreted as functions of T . It is seen that this functional calculus in general is not
multiplicative. However (cf. (2.5), (2.6) and (2.14)) the multiplicative property is pre-
served for holomorphic functions and continuous up to the boundary in the domains
|z| < 1 and |z| > 1, respectively. The corresponding homomorphisms can be extended
by Bartle’s Bounded Convergence Theorem (see [2, Theorem II. 4.1, pag. 56]) to func-
tions which are limits of uniformly bounded sequences of those already mentioned
holomorphic functions, respectively. It should be mentioned that the resulting func-
tional calculus is consistent with that developed by Sz-Nagy and Foias¸ [14] in a series
of their publications and explained in detail (see also the references cited there). The
latter can be explained by the fact that the results are the same in both cases at least
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for functions of the class HT∞ (see [14, Chapter III, § 2]). For any f ∈ H∞T it can be
defined
f (T ) = s − lim
r→1−0 f (rT ), (2.17)
that correspond to (2.11) and (2.14). Recall that the class HT∞ is defined as the set of
all functions f ∈ H∞ (H∞ denotes for the Hardy space) for which the strong limit
in (2.17) exists. On the other hand if U denotes the minimal dilation of the contrac-
tion operator T , then, according to the Sz Nagy–Foias¸ functional calculus (cf. [14,
Theorems III. 2.1 and III. 2.3]) for f (T ) defined by (2.17) there holds
f (T ) = pr f (U ),
f (U ) being calculated by means of the spectral measure of U .
Finally, note that in case T is a unitary operator on H the map K defined as in the
proof of Theorem 2.1 is in addition, multiplicative, i.e. it is an algebraic homomor-
phism of C(T) into B(H). Using this fact by standard arguments it can be derived
that the values of the measure F are projections in H. Besides they are orthogonal
provided that the measure F is positive. Consequently, in this case, F represents a
spectral measure in H. Conversely, it is well known that the integration with respect
to a spectral measure has the property of multiplicativity. Therefore, if F is a spectral
measure, then, due to (2.16), the operator T is unitary on H.
We restrain the above discussions in the following.
Corollary 2.5 Under the hypotheses of Theorem 2.1 F is a spectral measure if and
only if T is a unitary operator in H.
3 A General Setting
The discussions made in the previous section can be carried over to the more general
case of an arbitrary bounded operator T which spectrum is surrounded by a Jordan
curve . Denote by 	 the closed domain with ∂	 = . The classical Riemann’s
theorem ensures the existence of a conformal mapping ϕ of the interior 	 on the open
unit disk D, but in case the boundary ∂	 is a Jordan curve, the map ϕ can be extended
continuously on 	 so that T corresponds (continuously and one-to-one) to ∂	 (= ).
We denote the extension of ϕ on 	 again by ϕ. By the spectral mapping theorem the
spectrum of the operator ϕ(T ) is, respectively, contained in the closed disk D and,
working with ϕ(T ) instead of T , we can apply the arguments used in the previous
section in order to obtain the desired results. However, we can make a direct reference
to formula (2.15) for ϕ(T ). To this end, we assume that
‖ϕ(T )‖ ≤ 1,
or, equivalently,
I − ϕ(T )∗ϕ(T ) ≥ 0. (3.1)
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Then, Theorem 2.1 can be applied, and therefore one can indicate an operator-valued





Next, consider the operator-valued measure G defined on the Borel sets ∂ in
 (= ∂	) by
G(∂) = F(ϕ(∂)).
It is seen that the measure G is bounded, positive and regular on . The change of






Before formulating the obtained result we note that, by von Neumann’s theory on
spectral sets [16], a condition (3.1) is equivalent with the fact that the unit disk D is
a spectral set for T . But, due to the invariant principle for spectral sets [16] (see also
[15]), D is a spectral set for ϕ(T ) if and only if 	 is a spectral set for T . Recall that
	 is a spectral set for the operator T if ‖ f (T )‖ ≤ maxζ∈	 | f (ζ )| holds true for any
analytic function f on 	.
Theorem 3.1 Let T be a bounded operator on a Hilbert space H, let 	 be a domain
(closed) in the complex plane whose boundary  is a Jordan curve, and suppose that
	 is a spectral set for T . Then there is a unique operator-valued measure F in H
defined on the Borel sets in  which is bounded, positive and regular on  and for
which the integral representation (3.3) holds.
The following theorem is a version of Theorem 2.3 adjusted for the considered
general case.
Theorem 3.2 Under the hypotheses of Theorem 3.1 suppose that the spectrum of T
is contained in the interior of the domain 	. Then the operator-valued measure G




(ϕ(ζ );ϕ(T ))dτ, (3.4)
for each Borel set ∂ in ∂	.
In (3.4) ϕ denotes a conformal mapping of the interior of 	 on D extended con-
tinuously to the boundaries, τ is the normalized standard Lebesgue measure on ∂	,
and
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(z;ϕ(T )) = (I − zϕ(T )∗)−1 (I − ϕ(T )∗ϕ(T )) (I − zϕ(T ))−1, z ∈ T.
Notice that a functional calculus can be constructed directly based on the integral rep-
resentation asserted in Theorem 3.1. This functional calculus can be also deduced from
that mentioned in Sect. 2 for the particular case of the unit circle. Such an approach
has been developed by Sarason [11] involving spectral sets bounded by Jordan curves
(see also the comments on page 54 in [14]).
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